















































The photon-photon interaction at low x in the
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Abstract.
The forward elastic amplitude for scattering of real and weakly virtual photons is studied
in the framework of the theory of reggeized gluons, with large N
c
and a running coupling
constant introduced in the manner which preserves the bootstrap condition. Transition from
a single to multiple pomeron exchanges is observed as x gets smaller. For very low x the
amplitude aquires an eikonal form. The photon structure function reveals a strong violation of
scaling: it grows asQ
2
. As a function of x it behaves as (ln(1=x) ln ln(1=x))
2
. Correspondingly
the cross-section for physical photons grows with energy as (ln s ln ln s)
2
. Hadronic structure




As has been shown in [ 1 ], in the framework of the "hard pomeron" approach of BFKL with a
xed small coupling constant [ 2 ], the physical picture of the soft strong interaction drastically
simplies in the limit of innite number of colours N
c
! 1 and reduces to an exchange of
arbitrary number of non-interacting BFKL pomerons. Taking photons as projectile and target
(there are no hadrons in the BFKL theory with a small coupling constant) and summing over
all multipomeron exchanges one arrives at an eikonal amplitude, very similar to the old
supercritical multipomeron exchange ("Froissaron") model [ 3 ], except that the pomeron
is composite (and therefore nonlocal) and does not involve any scale. These circumstances
together with the properties of the photon colour density lead to a behaviour of the total
cross-section very dierent from the Froissaron model. The total cross-section continues to
rise as a power of energy, although somewhat smaller than with a single pomeron exchange.
Also a strong violation of scaling is observed in the structure function: it rises as Q.
To relate these results to the physical world and realistic QCD one has at least to introduce
a running coupling and thus a scale. There is some hope that the strong violation of the
Froissart unitarity bound by a unitary amplitude observed in [ 1 ] may be explained by the
absence of scale and an eectively zero gluon mass. The results of [ 1 ] are heavily based
on the so-called bootstrap condition [ 4 ], which allows to eliminate all nontrivial gluonic
congurations in the limit N
c
!1. So the only reasonable method to introduce the running
coupling seems to be the one which we proposed some time ago, based on the bootstrap
equation and thus preserving it [ 5 ]. In the theory with the running coupling introduced
according to [ 5 ] the only nontrivial congurations which remain in the limit N
c
! 1 are
non-interacting pomerons , as in the case of a xed coupling constant discussed in [ 1 ].
The photon-photon amplitude which results after summing over all multipomeron exchanges
is then essentially the same as obtained in [ 1 ], except that now the pomeron has to be
calculated with a running coupling, as in [ 5 ]. It now posseses a nontrivial dimensionful
slope 
0
and also may be a pole in the complex angular momentum plane rather than a cut.
The purpose of the present note is to study the behaviour of the photon-photon cross-
section and structure function obtained with this pomeron at high energies and low x and to
compare it to the scaling result of [ 1 ]. The main conclusion is that as a function of energy
p








Thus the rise with energy has become much slowlier. However the Froissart bound still
remains violated (although at extraordinary high energies). We expect this violation to be
cured if higher orders in electromagnetic coupling are taken into account.
32 The photon-photon amplitude with a running coupling
We consider elastic scattering of two transverse photons with momenta q (projectile) and p








). With the number of
colours N
c
!1 and a xed small coupling constant g the forward amplitude obtained after
summing over all pomeron exchanges has an eikonal form [ 1 ]


























)(1  exp( z(; R; r; r
0
))) (2)
Here  = pq ! 1, 
q;p
(r) describe the dipole colour density of the projectile (q) and target
















































are the mass and charge of the quark of avour













; Qr! 0 (4)
The eikonal function z(; R; r; r
0
) represents the contribution of a single pomeron exchange








































































Our task is to generalize this expression to the case of a running coupling constant. As
mentioned in the Introduction, we introduce it in the way compatible with the bootstrap con-
dition. This means that we change both the reggeized gluon trajectory ! and its interaction
V in a specic manner compatible with the bootstrap equation. In the BFKL theory both !




where q is some transverse momentum
and g the xed coupling constant. To introduce the running coupling, according to [ 5 ] one




















are the numbers of colours and avours and  is the
standard QCD parameter. The low momentum behaviour of (q) remains undetermined and
reects the uncertainty associated with the connement region. One can show that this recipe
correctly reproduces the asymptotical behaviour of the gluonic distribution at high momenta
(in the double logarithmic approximation).
With (6) the amputated wave function  (without external legs) satises a BFKL-like
equation

















































































Turning to Eq. (5) we have rst to note that the Green function f involves nonamputated
















In the amplitude these gluonic distribution functions are attached to the external source, that
is, to the projectile dipole colour densitiy. The strength of this coupling is represented by
the factor g
2
in Eq. (5). The second g
2
refers to the target. The problem is to introduce the
running coupling at this point, where we have no bootstrap relation as a guiding principle.
To do that we recall that, as shown in [ 1 ], in the photon density (3) all intermediate
quark and antiquark states appear on the mass shell except for the initial and nal ones.
Let us rst forget about these exceptional states. Then each coupling constant in the qq
loop depends on only one momentum, that of the attached gluon q and it is evident that to







Comparing this to (11) we nd that the introduction of the running coupling to the external





























Normalizing the solutions  






























































This formula together with (5) introduces the running coupling into the eikonal factor in Eq.
(2).
However we have still to account for the two mentioned exceptional quark states in both
projectile and target, which are virtual. The coupling constant associated with them depends
not only on the attached gluon momentum q but also on the quark momentum k. This latter
dependence has a denite inuence of the high energy behaviour of the cross-sections and
cannot be neglected. It is essential only when the quark momentum is much larger than the
gluon's one when, instead of 1= ln q
2
taken into account in (12), 1= ln k
2
should appear. We
are not able to take this eect in a rigorous manner, since, strictly speaking, it destroys the
factorizability of multigluon exchanges making some gluons exceptional. Very approximately







with (6) this recipe evidently consists in approximating the coupling constant of the virtual








. We shall see
that these values of k play the dominant role in the high-energy behaviour of the amplitude.


























(z). The dependence on c reects our ignorance of the con-
nement region, as with the function . The inclusion of an extra logarithmic factor in (17)
















; Qr! 0 (18)
However its integral over r still diverges at small r.
3 Photonic cross-sections at high energies
To stay within the perturbative regime we have to choose all the momenta in (5) much greater
than the QCD parameter . The only case which obeys this requirement is the interaction








; Q; P >> . It is hardly physical, but,
for that, it allows to obtain a reliable information about the high-energy behaviour of the
6cross-section. Later we shall discuss uncertainties which arise as one goes from large Q and
P down to values of the order of .
According to (15) at  ! 1 the dominant contribution comes from the "ground state"
in the integral (or/and sum) over  with the maximal trajectory . In the theory with a
running coupling constant this may be a discrete level (for xed total momentum) or the
beginning of a continuous spectrum, depending on the chosen behaviour of the function  in


























The pomeron trajectory now has a nonzero slope











) is the pomeron wave function in the momentum space dened and





































integrals and changing the integration over R
2
for that over z we get




























































and  = (0)  1. If the ground state belongs to the continuous spectrum, as in the BFKL
theory, then (0) depends on the parameter : 

(0) ' (0)  a
2
. Integration over  leads
to (23) with an extra factor
p
=a ln . This will not have any signicant inuence for the
following, so that we assume (23) to be valid.
The dominant contribution to the integrals over r and r
0
comes from the region of small
Qr and Pr
0




(0) goes to zero as r ! 0 has to be
studied from the equation (8) for  and subsequent transition to  via Eq. (13) and then to







; r ! 0 (24)
Since dim(r) =  1, in the BFKL theory with a xed coupling, one naturally nds  = 1.
For a running coupling the equation is better behaved at small r, so that we expect   1































If  ! 0 then the exponential in (22) can be developed in a power series and only the rst
term contributes. This means that the amplitude and the cross-section reduce to a single
pomeron exchange. This case is that of a relatively large x = q
2





<< xy << 1 (27)
(recall that  is asssumed small in the theory, so that the two inequalities in (27) are com-
patible). Passing in (22) to integrations over Qr and Pr
0
we nd in this case
































The total cross-section is obtained from (28) dividing it by 4i. It rises with the c.m energy
squared s = 2 as a power s

In the opposite case  ! 1 all multipomeron exchanges contribute. In the integral (22)
regions of small Qr and Pr
0
give the dominant contribution. So using (18) we nd for the
leading term













































The asymptotical behaviour of (30) at  >> 1 is easily found to be




 ln  ln (ln ln )
2
(32)
As a function of energy for xed q and p the corresponding cross-section behaves as presented
in Eq. (1).
84 Real particles
Now we pass to the more realistic case when one (the target) or both of the interacting
particles are physical, not virtual. For the photon-photon interaction considered before it
means that either p
2




= 0. In the rst case we are dealing with the
structure function, which is related to the 

















is the cross-section for the transversely polarized projectile photon , studied in Sec.
3, and 
L
is the analogous cross-section for the longitudinally polarized projectile photon,
which diers from 
T

























instead of the transversal one (3).
With real particles the momenta associated with their structure become comparable to 
and non-perturbative eects appear. For the structure function they are limited to the target
part. With the photon as a target, in particular, we have to put p
2
= 0, so that the momenta
in the target quark loop become small and we can no more use the perturbative treatment.
Not only the expression (3) for the colour density becomes invalid, but also the factorizability
of the interaction with gluons becomes questionable for the target. The natural scale for the
intergluon distance r
0
in the target becomes 1=m where evidently m = . The characteristic











We again observe two dierent regimes. If  is small then the single pomeron exchange
dominates. In this case values of r
0
of the order 1= are essential, where we do not know the
explicit form of the photon colour density. It however enters in the amplitude only integrated
over all r
0
, through the number B given by (29). Therefore, although the numerical value of
B will be changed by non-perturbative eects at p
2
= 0, Eq. (28) for the amplitude will be
left intact, with the substitution P ! m = . Thus in the region
(Q=)
2 =
<< x << 1 (36)














If x gets still smaller and  ! 1 then we have to sum over all pomeron exchanges.
From the structure of the eikonal function we observe that now small values of r
0
<< 1=
9contribute. For such values of r
0
we expect that the target colour density will still be given
by its perturbative expression (3), since the coupling constant becomes small. Then the
amplitude retains its eikonal form. At small distance r
0




) will be given
by the same Eq. (18) in which we only have to substitute q by the scale m, which is now the




the asymptotical behaviour of the amplitude has the same form (32) as with a virtual photon









ln  ln (ln ln )
2
(39)
It strongly violates scaling: for xed x it rises roughly as Q
2




One may ask what will happen if instead of the photon target we take a hadronic one. In
the region (36), where the single pomeron exchange dominates, we do not nd any change,
except that the corresponding hadronic colour density should be integrated in (29) for the
target factor B. In the small x region (38) the answer is more speculative. We expect that
for a hadronic target the coupling to the external particle is softer than for the elementary




) becomes less singular as r
0
! 0. Then nite values of
r
0
 1= will give the dominant contribution also to the multiple pomeron exchange. We do
not know the structure of the hadronic coupling to gluons in this region. The factorizabilty
of this coupling and therefore the eikonal structure of the amplitude become questionable.
If we assume that the factorizability still persisits and the amplitude continues to have an
eikonal form (2) then we can easily nd its asymptotic behaviour. It is given by Eq. (32) in











Thus we obtain for the 

  h amplitude in the region (38)




 ln  ln  ln ln  (41)
It rises with Q roughly as Q
2
and with x as (ln(1=x))
2
ln ln(1=x).
Finally we briey discuss cross-sections for the interaction of real particles, both the target
and projectile. With the appropriate scale m in the target and projectile, the characteristic












and is always large. Therfore all pomeron exchanges contribute. A rigorous result then may
be obtained only for the real photon target and projectile. In this case small values of r and
r
0
give the dominant contribution, where the colour densities continue to be given by their
perturbative expressions. As a result the amplitude retains its eikonal form. Its asymptotcal
behaviour will be given by the same Eq. (32) with  given by (42) and the scale m taken as
the minimal quark mass. The resulting cross-section rises as indicated in Eq. (1) and weakly
violates the Froissart bound.
Changing one or both interacting particles to hadrons will bring in values of r or/and
r
0
of the order 1= and consequently non-perturbative eects. Then the factorizability of
the gluon coupling to the target or/and projectile and eikonalization become a problem. If
one assumes that they still persist, then the asymptotical behaviour of the amplitude and
the cross-section will dier from the pure photonic ones by the substitution of the factor
(1=2) ln ln  by the integral of the density B
0
(Eq. (40)) for the target and/or the projectile.
One has also to take into account that the scale appropriate for a hadron is m = . As a
result the purely hadronic cross-section will rise as (ln s)
2
in accordance with the Froissart
bound and in the same manner as in the old Froissaron model of [ 3 ].
5 Conclusions
We have studied the high-energy behaviour of the cross-sections for the scattering of weakly
virtual and real particles in the framework of the theory of reggeized gluons, with N
c
! 1
and a running coupling constant. The results are more or less rigorous for interacting photons
and more speculative for hadronic targets and projectiles.
As x gets smaller we observe a transition from a single pomeron exchange dominance
to multiple pomeron exchanges, which sum into an eikonal amplitude. In both regimes we
nd strong violation of scaling: the structure function rises as Q and Q
2
for the two regimes







, k = 1 or 2.
The cross-section for the scattering of real photons grows as (ln s ln ln s)
2
and violates the
Froissart bound. For hadronic projectiles and targets this violation is absent, in all proba-
bility. However eikonalization of the hadronic amplitude cannot be demonstrated because of
non-perturbative eects.
Most of the results are based only on the existence of a nonzero pomeron slope for a
running coupling. The details of the introduction of the running coupling seem unimportant.
However the elimination of gluonic congurations dierent from multipomeron ones rests
heavily on the bootstrap condition, which must be preserved. The only other property of
11
the pomeron which enters the asymptotical behaviour of the amplitudes is the behaviour of
its wave function at small distances r. In particular it determines the value of x at which
multiple pomeron exchanges begin to give a sizable contribution. The small r behaviour
of the pomeron wave function has to be studied from the corresponding equation with the
running coupling constant. This problem is currently under study.
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